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q power of a prime number. All representations will be considered
in C.

G° connected reductive group over Fq, F Frobenius
endomorphism, G°F finite reductive group.
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Formula for connected reductive groups

q power of a prime number. All representations will be considered
in C.

G° connected reductive group over Fq, F Frobenius
endomorphism, G°F finite reductive group.

L°, M° F-stable Levi subgroups of G°. RS, RS Lusztig
induction and restriction (respectively).

Mackey Formula :

Let Sgo(L°, M°) = {x € G°|L° N *M°® contains a maximal torus}.
Then

o o L° XM°
*Rf;o (¢] RGo = Z RLomeo O *RLoﬂxMo o ad(X).
XELOF\SGO(LO7MO)F/MOF
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This formula is true if g > 2, or if G° has no component of type
2Eq, E7 or Eg (Bonnafé-Michel, '10).
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This formula is true if g > 2, or if G° has no component of type
2Eq, E7 or Eg (Bonnafé-Michel, '10).

Particular case : P° =L° x U, Q° = M° x V, P°, Q° F-stable
parabolic subgroups.
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This formula is true if g > 2, or if G° has no component of type
2Eq, E7 or Eg (Bonnafé-Michel, '10).

Particular case : P° =L° x U, Q° = M° x V, P°, Q° F-stable

parabolic subgroups. The proof relies on

C [UF\GOF/VF} ~ @ C |:L0FXM0F1| 7
x€LoF\Sgo (L°,M°)F /MoF
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This formula is true if g > 2, or if G° has no component of type
2Eq, E7 or Eg (Bonnafé-Michel, '10).

Particular case : P° =L° x U, Q° = M° x V, P°, Q° F-stable
parabolic subgroups. The proof relies on

C [UF\GOF/VF} ~ @ C |:L0FXM0F1| 7
x€LoF\Sgo (L°,M°)F /MoF

And C [LOFXMOF] isomorphic to

C [LOF/(LO A XV)F X ormaor (XMP N U)F\XMOF] .
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This formula is true if g > 2, or if G° has no component of type
2Eq, E7 or Eg (Bonnafé-Michel, '10).

Particular case : P° =L° x U, Q° = M° x V, P°, Q° F-stable
parabolic subgroups. The proof relies on

C [UF\GOF/VF} ~ @ C |:L0FXM0F1| 7
x€LoF\Sgo (L°,M°)F /MoF

And C [LOFXMOF] isomorphic to

C [LOF/(LO n Xv)F:| ®C[L°FOXM°F] C [(xMo n U)F\XMOFi| .
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Non-connected reductive groups.

G reductive group, G° neutral component, F Frobenius
endomorphism. Suppose G/G° = (o) with o semisimple
quasi-central and F-stable.
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Non-connected reductive groups.

G reductive group, G° neutral component, F Frobenius
endomorphism. Suppose G/G° = (o) with o semisimple
quasi-central and F-stable.
We take P° = L° x U, Q° = M° x V. We define
e P:= Ng(P°), Q := Ng(Q°) "Parabolic” subgroups of G
o L:= Ng(L° P°), M := Ng(M°, Q°) " Levi" subgroups.
We still have P=Lx U, Q=M x V.
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Non-connected reductive groups.

G reductive group, G° neutral component, F Frobenius
endomorphism. Suppose G/G° = (o) with o semisimple
quasi-central and F-stable.
We take P° = L° x U, Q° = M° x V. We define
e P:= Ng(P°), Q := Ng(Q°) "Parabolic” subgroups of G
o L:= Ng(L° P°), M := Ng(M°, Q°) " Levi" subgroups.
We still have P=Lx U, Q=M x V.

Deligne-Lusztig functors for L and G : same as in G°. Variety :

{g €Glg"'F(g) € U}
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Non-connected reductive groups.

G reductive group, G° neutral component, F Frobenius
endomorphism. Suppose G/G° = (o) with o semisimple
quasi-central and F-stable.

We take P° = L° x U, Q° = M° x V. We define
e P:= Ng(P°), Q := Ng(Q°) "Parabolic” subgroups of G
o L:= Ng(L° P°), M := Ng(M°, Q°) " Levi" subgroups.
We still have P=Lx U, Q=M x V.

Deligne-Lusztig functors for L and G : same as in G°. Variety :

{g €Glg"'F(g) € U}

If L, P are F-stable, then the variety is GF/UF.

Sergio David Cia Luvecce A Mackey Formula for non connected reductive groups



Formula for components of type G°o.

We suppose that L°, M°, P°, Q° are F-stable and that 0 € L, M.
Therefore L = L° x (o), LF = L°F x (o), etc.
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Formula for components of type G°o.

We suppose that L°, M°, P°, Q° are F-stable and that 0 € L, M.
Therefore L = L° x (o), LF = L°F x (o), etc.

Deligne-Lusztig functors restrict to class functions supported on
G°F . We call them R,S’;;‘(’T *REOO;.
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Formula for components of type G°o

We suppose that L°, M°, P°, Q° are F-stable and that 0 € L, M.
Therefore L = L° x (o), LF = L°F x (o), etc.

Deligne-Lusztig functors restrict to class functions supported on

G°fo. We call them RG.2, *RE°.
Theorem (Digne-Michel, '94)
We have that

*M°o
R R Z R(Loano)o. R(LomeO)o_oad X.

x€L°F\Sgo (LO,M)F /MoF
x o-stable
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Global formula for split " Levi” subgroups and G/G° cyclic.

Same setting as before.

Let Sg(L, M) := {x € G|L N *M contains a maximal torus of G°}.
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Global formula for split " Levi” subgroups and G/G° cyclic.

Same setting as before.

Let Sg(L, M) := {x € G|L N *M contains a maximal torus of G°}.
Then, as (L°F, M°F)-bimodules :

C [UF\GF /VF} o D C [LOFXMC’F} :
x€LoF\Sg(L,M)F /MoF
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Global formula for split " Levi” subgroups and G/G° cyclic.

Same setting as before.
Let Sg(L, M) := {x € G|L N *M contains a maximal torus of G°}.
Then, as (L°F, M°F)-bimodules :

C [UF\GF /VF} o D C [LOFXMC’F} :
x€LoF\Sg(L,M)F /MoF

We have x € Sg(L, M) = ox, xo € Sg(L, M).

As an (LF, MF)-bimodule, the terms corresponding to o'xa/ form
a single factor LFxMF .
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We suppose |o| = 2.
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We suppose |o| = 2.

Two cases : If L°xM° is o-stable, then :
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We suppose |o| = 2.
Two cases : If L°xM° is o-stable, then :

e Ix such that ox = xo, the terms for x, xo form LFxMF .
e LN*M =L°N*M° x (o) is a "Levi" of G.
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We suppose |o| = 2.
Two cases : If L°xM° is o-stable, then :
e Ix such that ox = xo, the terms for x, xo form LFxMF .
e LN*M =L°N*M° x (o) is a "Levi" of G.
e Take the (L°F, M°F)-set
L7 /(LN V)P X ormemer "M N U)F\*MF

(I, m),(lo, m), (I, mo), (lo, mo)
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We suppose |o| = 2.
Two cases : If L°xM° is o-stable, then :
e Ix such that ox = xo, the terms for x, xo form LFxMF .
e LN*M =L°N*M° x (o) is a "Levi" of G.
e Take the (L°F, M°F)-set
LF /(L *V)F X reme CM N UYF\XMF

(I, m),(lo, m)
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We suppose |o| = 2.
Two cases : If L°xM° is o-stable, then :
e Ix such that ox = xo, the terms for x, xo form LFxMF .
e LN*M =L°N*M° x (o) is a "Levi" of G.
e Take the (L°F, M°F)-set
LF /(LN V) < rame CM N U)F\XMF
(I, m),(lo, m)

Therefore, as (LF, MF)-sets,

LFxMF = LF /(L 0 V)F xrremr CM N U)F\*MF.
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If L°xMF° not o-stable :
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If L°xM° not o-stable :
e x,x0,0x,0x0 form LFxMF
e LN*M =L°N*M°.
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If L°xM° not o-stable :
e x,x0,0x,0x0 form LFxMF
e LN*M =L°N*M°.

e We already have :

LFxMF = LF /(L 0V xrreme MO U)P\XMFP
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We proved

C {LFXmF} ~ [LF/(L N V) XL (M O UYF\XMF
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We proved
C {LFXmF} ~C [LF/(L N V) XL (M O UYF\XMF

On the first case, it is the functor RE .y © R, -
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We proved
C {LFXMF} ~C [LF/(L N V) X ke (MO U)F\XMF}
On the first case, it is the functor RE .y © R, -

On the second case,

C |LF /L OV Xperer (MUY *MF|
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We proved
C {LFXMF} ~C [LF/(L N V) X ke (MO U)F\XMF}

On the first case, it is the functor RE .y © R, -

On the second case,

C [LF]@C [LF /(L 0 V) perrer (M O U)F\MEF] € [*MF]
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We proved
C [LFxMT| =€ [LF /(L0 V) e (MO U)YF\ M|

On the first case, it is the functor Rl'_'mXM o *RLr:Axm-

On the second case,
C [LF} ®C [LoF/(LO A V)F X ormer (XM 0 U)F\XM°F] ®C [XMF]

. LF Lo %« p*M° xMF
It is the functor Indyor Ry © “Rxm © Res ppor -
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We proved
C {LFXMF} ~C [LF/(L N V) X ke (MO U)F\XMF}

On the first case, it is the functor RE .y © R, -

On the second case,

C [LF]@C [LF /(L 0 V) perrer (M O U)F\MEF] € [*MF]

. F o XMP° xMF
It is the functor Indtop ORll_‘an o *RmXM o ResXMoF.
| S — ~—
L
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Theorem (C.)
For G/G° = (o), L, M split and containing o :

*RS o RS = > R © “Ri e 0 ad(x).
xELF\Sg(L,M)F /MF
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Theorem (C.)
For G/G° = (o), L, M split and containing o :

*RS o RS = > R © “Ri e 0 ad(x).
xELF\Sg(L,M)F /MF

|o| arbitrary : We have LN *M = L° N *M°® x (") for an
i€d{0,...,|o] —1}.
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Theorem (C.)
For G/G° = (o), L, M split and containing o :

*RS o RS = > R © “Ri e 0 ad(x).
xELF\Sg(L,M)F /MF

|o| arbitrary : We have LN *M = L° N *M°® x (") for an
i€d{0,...,|o] —1}.

LFxMF = LF /(L0 W < remr CM N U)PAXMF
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Theorem (C.)
For G/G° = (o), L, M split and containing o :

*RS o RS = > R © “Ri e 0 ad(x).
xELF\Sg(L,M)F /MF

|o| arbitrary : We have LN *M = L° N *M°® x (") for an
ief0,...,|o] =1}

LFxMF = LF /(L0 *V)F X rramr CM N U)F\XMF
LN XM "Levi” of G° x (0'), we induce to L° x (0'), and restrict

from *M° x <0’>.
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Mackey Formula, general case.

G/G° abelian and formed by semisimple elements. L, M "Levis" of
G.

Sergio David Cia Luvecce A Mackey Formula for non connected reductive groups



Mackey Formula, general case.

G/G° abelian and formed by semisimple elements. L, M "Levis" of
G.

Vx € Sg(L, M), 3Gx < G reductive, with G° C Gy, such that
LN *M s a "Levi” of Gy.
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Mackey Formula, general case.

G/G° abelian and formed by semisimple elements. L, M "Levis" of

G.

Vx € Sg(L, M), 3Gx < G reductive, with G° C Gy, such that
LN *M s a "Levi” of Gy.

We define Ly = LN Gy, My = MNG, and
L N LF Ly XM, B XM, xmMF
Rirxm = Indie oR Feme “Ripem = “Riqxm © Resyr
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Mackey Formula, general case.

G/G° abelian and formed by semisimple elements. L, M "Levis" of
G.

Vx € Sg(L, M), 3Gx < G reductive, with G° C Gy, such that
LN *M s a "Levi” of Gy.
We define Ly = LN Gy, My = MNG, and

L _ LF Ly o My % *M *MF
Rirxm = Indie oR Feme “Ripem = “Riqxm © Resyr

Theorem (C.)

*RS o RS = > R © *RL g © ad(x).
x€ELF\Sg(L,M)F /MF
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